This paper develops a new peridynamic state based model to represent the bending of an Euler-Bernoulli beam. This model is non-ordinary and derived from the concept of a rotational spring between bonds. While multiple peridynamic material models capture the behavior of solid materials, this is the first 1D state based peridynamic model to resist bending. For sufficiently homogeneous and differentiable displacements, the model is shown to be equivalent to Eringen's nonlocal elasticity. As the peridynamic horizon approaches 0, it reduces to the classical Euler-Bernoulli beam equations. Simple test cases demonstrate the model's performance.
Introduction
A goal of many mechanical engineering analyses is the prediction and description of material failure. When processes such as fracture are modeled, the partial-differential equations of classical mechanics are ill-defined at the resulting discontinuities in displacement. A peridynamic formulation of continuum mechanics casts material behavior in terms of integral functions of displacement (as opposed to gradients of displacement), so that discontinuities can evolve naturally and require no special treatment. Various peridynamic material models capture the deformation behavior of 3-dimensional solid objects Silling and Askari, 2005; Gerstle et al., 2007) , but would be very expensive to implement for a thin plate or beam, as the thru-thickness discretization requirement to properly capture resistance to bending would be prohibitively expensive in a computational setting for a long, slender structural object. Other peridynamic models capture tension and compression in 1D bars (Silling et al., 2003) and 2D membranes (Silling and Bobaru, 2005) , but these features do not resist transverse displacement. A recent paper by Taylor and Steigmann (2013) reduces a bond based 3D plate to two dimensions with an integral through the plate's thickness. This creates a model that can represent thin structures and includes a bending term, but is used to simulate tension loading. The model is limited to the 3D bond-based Poisson ratio m ¼ , though the same technique could be applied to a state-based model at the expense of complexity. This paper presents a peridynamic equivalent to an EulerBernoulli beam, along with a methodology for representing nonuniform cross-sections, plastic behavior, and failure. Unlike many continuum beam theories that derive new equations of motion (such as fourth order PDE's) from the 3D elastic constitutive model, the new model is not derived from prior ordinary peridynamic models based on bond extension, but is a material model that directly resists bending deformation while maintaining the same conservation of momentum equation as the 3D model. In addition to directly modeling a beam in bending, the simple beam case lays the theoretical framework for more complex peridynamic beam, plate, and shell bending models. Because many analyses of interest are partly or wholly comprised of these types of features, their development is an important addition to the capabilities of peridynamic analysis. The remainder of this introduction reviews other nonlocal work and provides a brief introduction to peridynamics, including state based models. Section 2 presents the state based beam model and demonstrates equivalence to classical EulerBernoulli beam theory in the limit of shrinking nonlocality. Section 3 demonstrates the beam model with simple numerical examples. Section B demonstrates the model's relationship to Eringen's nonlocal elasticity for small peridynamic horizons.
Nonlocal beam models
Nonlocal elasticity generally allows for forces at a point that are dependent on the material configuration of an entire body, rather than the configuration at that point (Eringen and Edelen, 1972) . While long-range forces are obvious at the molecular model, material at larger scales is conventionally modeled as though internal forces are local or contact forces (Kröner, 1967 approximation is accurate for deformations that are homogeneous, but introduces some inaccuracy for inhomogeneous deformations like the propagation of waves with short wavelengths. One way to distinguish between homogeneous and inhomogeneous deformations is to incorporate higher-order gradients of deformation. While stress in classical elasticity is a function of the (first) gradient of deformation, Eringen's formulation of a nonlocal modulus in Eringen (1983) approximates a weighted sum of the first and second order gradients. This introduces a length scale to the model and has the effect of smearing out local deformation inhomogeneities over the surrounding material, while maintaining the conventional result for homogeneous deformations.
Previous work in the nonlocal mechanics of beams is motivated by the observed stiffening of nanoscale cantilevers. Challamel and Wang demonstrate in Challamel and Wang (2008) that Eringen nonlocal elasticity cannot reproduce the scale stiffening, but that stiffening does result from other gradient-elastic models and models incorporating nonlocal curvature. Because all of these models incorporate higher-order gradients of deformation, they impose stronger continuity requirements than classical elasticity, and are unsuitable for discontinuous displacements. Because the gradients are evaluated locally, gradient models are called weakly nonlocal. Recent work by Paola et al. (2014) develops a displacement-based beam in which relative axial displacement, shear displacement, and rotation of non-adjacent beam segments are resisted by three kinds of nonlocal spring, whose stiffnesses can be tuned to the expected material behavior. With the appropriate nonlocal stiffnesses, their model reproduces the nanoscale cantilever stiffening effect.
Peridynamics
The term peridynamic alludes to the fact that the force at a point is affected by nearby material configuration and was coined by Silling to describe the new formulation of continuum mechanics he developed in Silling (2000) . In contrast to gradient models, the peridynamic model is strongly nonlocal and casts material behavior at a point as the integral equation Constitutive modeling of a wide variety of materials is accomplished by choosing the appropriate form for the force function. While the simplest force functions recreate a one-parameter linear elastic solid material (Silling, 2000) , other force functions can be used to model nonlinear elasticity, plasticity, damage, and other behaviors (Silling and Bobaru, 2005) .
To describe force functionals that incorporate the behavior of a totality of points in the nearby material (not just x and q), we must introduce the concept of a peridynamic state.
Introduced by Silling et al. (2007) , states are functions of the behavior of the continuum points surrounding each location. The most common states are scalar-states and vector-states which are scalar and vector valued, respectively. Unlike a second order tensor, which can only map vectors linearly to other vectors, vector-states can produce nonlinear or even discontinuous mappings. Important properties of states are magnitude and direction, while important operations include the addition and decomposition of states, inner and tensor products, and the Fréchet derivative of a function with respect to a state .
Conservation of linear momentum in the state-based peridynamic formulation results in the equation of motion,
in which T½ h i is a force vector-state that maps the vector in angle brackets, hi, originating at the point in square brackets, [], to a force vector acting on that point. The deformed image of the vector ðq À xÞ is defined as the deformation vector-state, usually denoted Y and formulated as shown in Eq. (1) for a displacement field u.
Y½xhq À xi ¼ ðq À xÞ þ ðuðqÞ À uðxÞÞ ð1Þ
Just as stress and strain are work conjugate, so too are the force and deformation vector states for hyperelastic materials. If the force state T is always in the same direction as the deformation state Y, then the force exerted by a ''bond'' (i.e. the vector q À x between points is in the same direction as the deformed bond, and the model is called ordinary. Models in which the bond-force interactions are not in the same direction as the deformed bond are called non-ordinary. Silling et al. demonstrate the possibility of such models in Silling and Lehoucq (2010) , but very little work has touched on their use. Foster et al. (2010) and Warren et al. (2009) show that some correspondence models, which approximate the deformation gradient and use it to calculate bond forces, result in non-ordinary state-based constitutive models for finite deformations.
A non-ordinary beam model
Consider the material model illustrated in Fig. 1 in which every bond-vector originating from a point is connected by a rotational spring to its opposite originating from that same point. If we call the deformed angle between these bonds h, and choose the potential energy of that spring to be wðnÞ ¼ xðnÞa½1 þ cosðhÞ for the bond pair n and Àn, we can recover the non-ordinary force state proposed by Silling et al. (2007) by taking the Fréchet derivative. For the derivation and a description of the Fréchet derivative see Appendix A.
Though it looks complex, Eq. (2) indicates a bond force perpendicular to the deformed bond and in the plane containing both the deformed bond and its partner as illustrated in Fig. 2 . The force magnitude is proportional to the sine of the angle between the bonds divided by the length of the deformed bond. This response is consistent with the idea of a rotational spring between bonds as long as the change in angle is small. Because the potential energy and force states are functions of pairs of peridynamic bonds, we will call this formulation a bond-pair model. Other choices for the bond-pair potential function, such as w ¼ ðp À hÞ 2 , are also possible, but result in more mathematically complex analysis.
Energy equivalence
To determine an appropriate choice of a, we desire our peridynamic model to have an equivalent strain energy density to a classical Euler-Bernoulli beam in the local limit, i.e. when the nonlocal length scale vanishes. We will begin with the assumptions from hðYhni; YhÀniÞ % p À n
Substituting Eq. (4) into the equation for the strain energy density of a single bond-pair,
If we use a weighting function xðnÞ ¼ xðjnjÞ and assume that the x plays the role of a localization kernel, i.e. x ¼ 0 8 n > d, the resulting strain energy density, W, for any material point in the peridynamic beam is
Equating W with the classical Euler-Bernoulli beam strainenergy density, X, and taking the limit as d ! 0 we can solve for a
While this demonstrates the model's equivalence to a linearlyelastic Euler beam, if we keep an additional term from the Taylor series approximation of Eq. (3), we recover a slightly more complex expressions for change in angle that is demonstrated in Appendix B to reproduce an Euler beam governed by Eringen's model of nonlocal elasticity.
Weighting function and inelasticity
The weighting function xðnÞ describes the relative contribution of each bond-pair, and can be defined according to physical or mathematical considerations. While any function xðnÞ that produces a convergent integral for m will reproduce an elastic Euler beam, a physically meaningful choice of x will allow us to extend our model to certain inelastic behaviors. Consider a classical Euler-Bernoulli beam in bending with curvature j. Fibers running parallel to the neutral axis of the beam are stretched in proportion to their distance from the neutral axis, with strain ¼ yj. If the fibers are linearly elastic, then the axial stress at each location is r ¼ E ¼ Eyj, and the contribution to supported moment dM ¼ jEy 2 dA. By comparing the formulations for the moments carried by the Euler beam in Fig. 3 and those of the bond-pair beam in Fig. 4 , we see some definite parallels.
The term y is the distance from the beam's neutral axis and bðyÞ is the width of the beam at that distance from the neutral axis. The similarity between classical and peridynamic moment formulations suggests a possible formulation for the weighting function:
This weight function analogizes the relative contributions of bond pairs of different lengths to the relative contributions of fibers at different distances from the centerline. An example for a rectangular beam is illustrated in Fig. 5 and is illustrated in Fig. 6 . While this weighting function offers no advantages over a uniform weight function in the case of the linearly elastic beam, it offers a way to model advancing plasticity. In a deformed elastic perfectly-plastic beam, axial fibers are still stretched in proportion to their distance from the neutral axis, but the relationship r ¼ E ¼ Eyj only holds for jj ¼ jyjj < c . For greater stretches, the relationship becomes r ¼ AEE c . To model this behavior, consider a bond pair with similar behavior: for angular deformation less than some critical angle, the model behaves as previously described, but the magnitude of the force remains constant above a critical deformation jThnij ¼ axðnÞ sinðhðYhni;YhÀniÞÞ jYhnij
to determine the critical angle h c , we let the onset of plasticity in pairs of the longest bonds to coincide with the onset of plasticity in the fibers at the top and bottom surfaces of the classical beam. 
and additionally recording bond pairs that have exceeded their critical angle and permanently setting their influence, i.e. x, to zero.
Numerical simulation

Discretized model
Discretizing the bond-pair model is primarily matter of exchanging integrals for sums.
in which n i is the ith bond emanating from the point x to each of the n points within distance d of point x.
Discretization of the original model results in the equation of motion
and for small displacements and rotations in a uniform beam, Fig. 4 . Bond-pair moment contribution. It is worth noting the similarity between this expression and a finite-difference fourth derivative of displacement, a result expected from Euler beam theory. This discretization requires that nodes be evenly spaced along the entire beam, otherwise the displacement vðx À n i Þ is ill-defined. For this reason, the discretization does not allow for areas of higher and lower ''resolution''.
Numerical method
Model behavior is evaluated by implementing the discretized equation of motion. The case of a beam simply supported at both ends is chosen for simplicity in both evaluation and comparison. To implement the simply-supported condition, it was sufficient to constrain the displacement of a single node for each support. Additional constraints would be necessary to approximate beam theories more complex than Euler-Bernoulli. In a static analysis, extending the beam two horizons outside each support has no effect on the analytical solution but moves any end-condition effects outside the area of interest. Boundary conditions such as clamped supports and applied moments require careful treatment to ensure both meaningful results and ease of computation. While applying displacement constraints is straightforward, the appropriate way to apply an angle constraint or moment to a peridynamic point or collection of points is less obvious.
Deformations for quasistatic loading are computed by implicitly solving the zero-acceleration discrete equation of motion with a Newton's Method solver. In the case of the brittle material model, the beam was loaded until a few bond pairs exceeded the critical angle. The most deformed bond pair was broken, and the load step repeated, continuing until total failure.
Results
The simplest test case for this model is a linear-elastic beam with a square profile. For comparison, equivalent models are created and analyzed in Abaqus 6.12 to verify simple cases. Even a coarse discretization successfully reproduces the elastically deformed beam shape in Fig. 7 .
As an elastic-perfectly-plastic beam exceeds the elastic limit of its material, plastic zones begin to grow on the top and bottom of the beam's cross section. This behavior is mimicked by the plasticity of the longest bond-pairs described in Eq. (7), producing the results shown in Fig. 8 . To accurately capture this phenomenon and model beam plasticity, a finer discretization is required.
A material that is plastically deformed does not return to its original state when unloaded. For a beam in bending, the residual deformations can be seen in a beam that has been loaded beyond the onset of plastic deformation and then unloaded. The Abaqus model retains slightly more than 1 10 of its loaded displacement after being completely unloaded. This result is observed in the bondpair plasticity model, shown in Fig. 9 and 10. Accurate residual deformation modeling requires both a relatively small horizon and a fairly large number of nodes.
It is more difficult to verify the brittle material model described by Eq. (8) because brittle failure is unstable. When a crack begins, moment is transferred to other bond pairs, and failure progresses until every pair of bonds surrounding a node are broken, creating a hinge at that node. This is borne out by the results in Fig. 11 , in Fig. 7 . The uniform-load elastic beam is accurately modeled with few nodes. which ''Nodal Health'' represents the fraction of bond-pairs about each node that have never exceeded their critical angle and therefore have not failed. Unlike a local model, partial failure is observed at nodes near the plastic hinge, as pairs of bonds that straddle the hinge are broken.
Conclusion
As far as we know, this the first peridynamic state based thin feature model, and results in accurate deformation results for simple beam tests. The perfect plasticity and simple brittle damage models successfully reproduce the impact of nonlinear behaviors on deformation of a rectangular cantilever, and the framework is laid to allow application of the same models to I-beams. It simplifies treatment of bending in beams, and is extensible to bending in plates.
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Appendix A. Fréchet derivative
The derivative of a function of a state is defined by Silling et al. (2007) This is a fairly straightforward way of defining a derivative with respect to a state, and we will apply it to derive the bond force function from the bond-pair energy function To determine theĥ direction vector, we must construct a vector that is normal to Yhni and that is in the plane containing both Yhni and YhÀni. The cross product of Yhni and YhÀni is a vector normal to that plane, so any vector normal to that cross product will be in the correct plane. Therefore, the vector Yhni Â Yhni Â YhÀni ½ is both normal to Yhni and is in the plane containing both Yhni and YhÀni. Normalizing gives us theĥ direction vector:
We combine all of these to get the expression for bond force found in Eq. (2). 
